1. The management of insect pests has long been dominated by the use of chemical insecticides, with the aim of instantaneously killing enough individuals to limit their damage. To minimize unwanted consequences, environmen- * xavier.fauvergue@inra.fr 1 tally friendly approaches propose biological controls that take advantage of intrinsic demographic processes to eliminate pest populations.
of offspring to adults. The total number of offspring is given by
where m is the maximum per capita fecundity. g 1 (N t ) captures a component Allee 134 effect that results from the failure to find mates at low densities such that
Here, θ measures the strength of the Allee effect; a convenient interpretation of 136 this term is that θ represents the population size at which half of the females 137 successfully mate. Therefore, we use the quantity θ/K as an indicator of the 138 intensity of the Allee effect. Further, g 2 (N t ) in Eqn. 1 captures the decline in 139 fecundity resulting from techniques to control populations via mating disruption. 140 We assume that pheromones are maintained in the population at a fixed number 141 P ; given that there are F t females in the population, only a fraction F t /(F t + P ) 142 males successfully find a mate (Fauvergue (2013)). We assume a 50:50 sex ratio 143 (i.e. F t = N t /2) so that 144 g 2 (N t ) = N t N t + 2P
(3)
Finally, we assume that survivorship of offspring to adults is density dependent so 
where the constant α is related to the carrying capacity, γ is related to intraspecific 148 competition, and S 0 is survivorship in the absence of intraspecific competition 149 (Slatkin & Smith (1979) ). 
under the simplifying assumption γ = 1. This expression is used to analytically 155 determine the carrying capacity and the Allee threshold. In the Supplementary 156 Information (S3), we show this explicitly and also perform a basic stability analysis.
that we are considering: there is a carrying capacity and a strong Allee effect for 161 sufficiently high θ. We therefore conjecture that an alternative form form density 162 dependence that captures these properties will have qualitatively similar results. 
where the fecundity m e is drawn at each generation from a normal distribu-169 tion with mean m (that is truncated so that m ≥ 0) and a standard deviation 170 σ. We fix the standard deviation so that it is the square root of the mean; how-171 ever, a sensitivity analysis of the magnitude of the standard deviation is provided 172 in the Supplementary Information. This analysis shows that the the extinction 173 probability increases as the magnitude of the variability increases.
174
Demographic stochasticity, on the other hand, results from variation in fecun-175 dity at the individual level Melbourne & Hastings (2008) . Note that the total 176 number of individuals that successfully reproduce is given by Poisson random variable Melbourne & Hastings (2008) . Since the sum of inde-180 pendent Poisson random variables is also a Poisson random variable, the total 181 offspring of all adults at is
Finally, we include stochasticity in density dependent survivorship following bility that offspring survive to adults, we assume that survivorship is a binomially 185 distributed so that 186 N t+1 ∼ Binomial (N t+0.5 , S N ) . the assumption that there is a 50:50 sex ratio, the fraction of females infected with 204 cytotype X at t + 0.5 is given by
Similarly, we find the fraction i t of all males that are infected (where i t = a t ), 206 the fraction q t of all males that are uninfected, and the fraction c t of all females 207 that are uninfected (again note that q t = c t ).
208
Based on the proportions of uninfected and infected individuals in the popula-209 tion, we can now determine the fraction of offspring that are infected. Crosses be-210 tween pairs with an infected female suffer a fecundity loss due to infection (1−F X ),
211
where F X is the probability of mating success in these mating couples. Vertical 212 transmission of Wolbachia occurs maternally and we assume that transmission is 213 successful with probability (1 − µ X ), where µ X is the probability of transmission 214 failure. In the instance of Wolbachia-induced CIs, crosses between infected females 215 and uninfected males in addition to crosses between infected males and infected 216 females give rise to infected offspring. The proportion of viable offspring that are 217 infected with cytotype X after reproduction (i.e. at time t + 0.5) is therefore given
where a lowercase x is used to denote proportion rather than number. Second,
220
we can identify the proportion of viable offspring that are uninfected (w t+0.5 ).
221
Uninfected individuals can arise from crosses between both uninfected females and infected males and uninfected females. Therefore, we assume that pairings between 228 infected males and uninfected females undergo CI and a fraction H X survives.
229
The proportion of viable offspring that are not infected with Wolbachia following 230 reproduction is given by
infection with Wolbachia, the fraction of the total population that successfully 233 reproduces (x t+0.5 +w t+0.5 ) is less than one. Therefore, the total number of offspring 234 as governed by Eqn. 1 can be rewritten as
In other words, the product g 1 (N t )g 2 (N t ) captures the total fraction of adults 236 at time t who successfully find a mate, and the sum x t+0.5 + w t+0.5 is the fraction of 237 all offspring that are viable. Finally, as described in the previous section, density 238 dependent mortality limits the total number of adults at time t + 1 (Eqn. 5).
240
Our parameterization of the population model is based on both the parame- (1974)) which is consistent with our parameterization (e.g. see Fig. 2 ).
245
Additionally, several parameters vary for our analysis including the strength of the 246 Allee effect, θ, and the initial population size. However, we note that our results Therefore, in the presence of two strains we rewrite Eqn. 11 as 259
where j t is the fraction of males infected with cytotype Y . Similarly, the 260 proportion of viable offspring infected with cytotype Y following reproduction is 261 given by 262
where b t is the fraction of females infected with cytotype Y . The proportion of 263 viable uninfected offspring is now given by 
Their work predicts that there is an unstable equilibrium, below which the 286 invasion of the introduced cytotype is unsuccessful and above which invasion is 287 successful. This equilibrium is therefore referred to as the Wolbachia invasion 288 threshold. Initial infection frequencies above this value will increase until reaching 289 the higher stable equilibrium that indicates a successful invasion. Fig. 1) . Unless stated otherwise, the default parameter values are listed in Table   300 .
301
As evidenced by the results shown in Fig. 1, our our parameter values. Therefore, the number of infected individuals introduced in 369 our simulations directly depends on the current host population size.
370
To determine the success of the releases under varying reproductive rates, we 371 replicated the results for four different values of S 0 . We observe that for all repro-372 ductive rates, the release of individuals infected with a second and incompatible 373 cytotype of Wolbachia leads to greater success of these methods. Importantly, 374 we also find that the effectiveness of control via releases of infected individuals 375 critically depends on the maximum reproductive rate of a population: for low re-376 productive rates, a single release is likely more effective at driving a population to 377 extinction for smaller values of θ relative to K (as indicated in Fig. 3 ).
378
In contrast, however, populations with high reproductive rates are only driven 379 to extinction with unrealistically strong Allee effects, suggesting the need for com- Allee threshold, combining both methods is significantly more effective than either 405 tactic alone (as shown in Fig. 3C ).
406
The analysis in the previous section was centered on the deterministic outcome 409 of population management strategies in the presence of Allee effects. Additionally,
410
we assumed that releases of Wolbachia-infected individuals as well as the imple-411 mentation of mating disruption occurred in populations that have reached their 412 carrying capacity (i.e. as assumed in obtaining the results shown in Fig. 3 ). How- It is important to note that our analysis is intended to provide insight into a 579 broad variety of pest species; therefore, in an empirical context it is essential to 580 perform more thorough analyses of the dynamics of Wolbachia invasion and mat-581 ing disruption using a species-specific parameterization. Additional methods for 582 controlling a pest population should also be considered. For example, the combi- (2000)).
593
More recently, global climate change and the biodiversity crisis, including popu- ability for a given parameter combination based on 500 realizations of the model.
Figure captions

824
In each plot, the initial population size and the strength of the Allee effect θ rela-825 tive to K are varied. We note that the carrying capacity of the population in the 826 absence of Allee effects is 5500 with these parameters; therefore, the introduction 
